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Abstract
We study the thermodynamics and non-relativistic hydrodynamics of the
holographic fluid on a finite cutoff surface in the Gauss-Bonnet gravity. It
is shown that the isentropic flow of the fluid is equivalent to a radial com-
ponent of gravitational field equations. We use the non-relativistic fluid ex-
pansion method to study the Einstein-Maxwell-dilaton system with a nega-
tive cosmological constant, and obtain the holographic incompressible forced
Navier-Stokes equations of the dual fluid at AdS boundary and at a finite cutoff
surface, respectively. The concrete forms of external forces are given.
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1 Introduction
Using the fluid/gravity correspondence [1, 2], it was suggested that the problem of Navier-
Stokes (NS) turbulence might be mapped to a problem in general relativity [3, 4], with
different scales appearing in turbulent phenomena corresponding to different radii in the
dual geometry [5]. Thus, with the holographic Wilsonian renormalization group (RG)
approach [6, 7, 8], it is also interesting to study the holographic hydrodynamics at a finite
cutoff surface directly [5, 6, 9]. In this study the timelike cutoff surface plays an important
role so that the asymptotical behavior of spacetime geometry becomes irrelevant. This
provides a potential approach to study holography in asymptotically flat spacetimes.
It was proposed in [10] that there is a mathematically precise relationship between the
unforced incompressible NS equations in p+ 1 dimensions and vacuum Einstein equations
in p+2 dimensions and their solutions. The dual geometry has an intrinsically flat timelike
cutoff surface whose extrinsic curvature is identified as the stress energy tensor of the dual
fluid. This relationship has been further developed in the literature such as [11, 12, 13, 14,
15, 16, 17, 18]. In [10], a gravitational shock wave was introduced to stir the fluid and then
left to evolve according to the unforced NS equations. In order to study the stationary
NS turbulence, it is better to introduce the external random source fields [19, 20]. For
example, a dilaton field was added to the bulk gravity in [3]. In this case, a perturbed
gravity solution with a slowly varying dilaton leads to a slowly varying force term in NS
equations. Another example is [4], where the force terms come from the slow variation of
the boundary background in the holographic context. It turns out that a simple forced
steady state shear solution to the forced NS equations becomes unstable and may translate
into turbulence at high enough Reynolds number.
In the fluid/gravity correspondence, the derivative expansion method [1] leads to the
equations of motion of relativistic fluid, and the equations reduce to the NS equations in
the non-relativistic limit [4, 21]. Actually, the NS equations can also be obtained via taking
the non-relativistic expansion method directly [10, 11]. This method can be used not only
for dual fluid at the AdS boundary, but also at a finite cutoff surface with flat induced
metric [12]. In the latter case, the bulk geometry is not required to be asymptotically
AdS. While in the asymptotically AdS case, the perturbed gravity solutions with Dirichlet
condition at the cutoff surface can be mapped to the perturbed gravity solutions without
the cutoff surface [22, 23]. To study the holographic fluid with external forces in non-
relativistic limit, instead of using the induced metric perturbations method proposed in
[4, 23], we keep the induced metric flat and add external matter fields in the bulk as the
source terms to the dual fluids.
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It was shown in [5] that the radial component of Einstein equations is equivalent to the
isentropy equation of the dual fluid. Using a more generic static metric in some sense, we
show that this statement is also true in the Gauss-Bonnet gravity. Using the non-relativistic
expansion method, we give the procedure to obtain the perturbed solutions of the bulk
gravity with a finite cutoff surface up to the second order of non-relativistic expansion
parameter, and corresponding NS equations of the dual fluid at the cutoff surface. It
turns out that the shear viscosity over the entropy density of the fluid dual to the Gauss-
Bonnet gravity does not run with the cutoff surface. This part acts as the service to
introduce the non-relativistic expansion method. In this paper we mainly focus on an
Einstein-Maxwell-dilaton system with a negative cosmological constant and pay attention
to the external force terms in the dual non-relativistic fluid. The external force terms come
from the Maxwell field and dilaton field in the system. Note that the forced fluids at the
AdS boundary have been discussed in the Einstein-dilaton system [3] and Einstein-Maxwell
system [24, 25, 26], respectively. The perturbed solutions have been obtained to the second
order of the derivative expansion. We consider the Einstein-Maxwell-dilaton system and
obtain the perturbed solutions up to the second order of the non-relativistic expansion
with/without the cutoff surface. Associated forced NS equations are also derived in both
cases. The concrete expressions of external forces of the dual fluid, which come from the
Maxwell field and dilaton field, are given. The results show that the Reynolds number of
the dual fluid becomes larger and larger when the cutoff surface approaches the horizon of
the background black branes.
This paper is organized as follows. In Section 2, we start with a generic static black
brane metric and obtain the perturbed solutions with a finite cutoff surface in the Gauss-
Bonnet gravity by using the non-relativistic expansion method. This section acts as to
fix the notations in this paper and to introduce the non-relativistic expansion method. In
Section 3, we consider the Einstein-Maxwell-dilaton system with a negative cosmological
constant and discuss the dynamics of dual fluid on the AdS boundary in non-relativistic
limit. We generalize the discussions to the case with a finite cutoff surface in Section 4.
The conclusions are given in Section 5.
2 Holographic fluid at a finite cutoff surface
This section is a generalization of discussions in [12] on the thermodynamics and hydro-
dynamics of dual fluid at a finite cutoff surface. Slight differently, we start with a more
general static metric and work in the intrinsic coordinates on the cutoff surface directly.
2.1 Thermodynamics of the dual fluid at the cutoff surface
To study a fluid in a (p + 1)-dimensional flat spacetime, we consider the generic (p + 2)-
dimensional static background
ds2p+2 = −gtt(r)dt2 + grr(r)dr2 + gxx(r)δijdxidxj , {i, j, ...} = 1, 2, ..., p, (1)
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where the metric components are functions of radial coordinate r only. We assume the
metric has a well-defined event horizon at r = rh, where gtt(r) has a first order zero
gtt(rh) = 0, and grr(r) has a first order pole g
−1
rr (rh) = 0 [6]. For example, the ingoing-
Rindler form of flat spacetime and the black p-brane solutions in asymptotically AdS
spacetime have the form [5]. Using the Eddington-Finkelstein coordinate τ defined by
dτ = dt+
√
grr(r)/gtt(r)dr [6], we can rewrite the metric (1) as
ds2p+2 = 2
√
gtt(r)grr(r)dτdr − gtt(r)dτ 2 + gxx(r)δijdxidxj, (2)
which has the translational invariance in τ and xi directions. We can always introduce
a finite cutoff surface Σc at r = rc outside the horizon with the intrinsic coordinates,
x˜a ∼ (τ˜ , x˜i), as
x˜0 ≡ τ˜ =
√
gtt(rc) τ, x˜
i =
√
gxx(rc) x
i, {a, b...} = 0, 1, 2, ..., p. (3)
Then the associated bulk metric (2) becomes
ds2p+2 = grr(r)dr
2 + γab(r) [dx˜
a +N (r)δaτ˜dr]
[
dx˜b +N (r)δbτ˜dr
]
, (4)
where γab(r) and N (r) are given by
γab(r)dx˜
adx˜b = − gtt(r)
gtt(rc)
dτ˜ 2 +
gxx(r)
gxx(rc)
dx˜idx˜
i, N (r) = −
√
gtt(rc)grr(r)√
gtt(r)
. (5)
And the induced metric with intrinsic coordinates on Σc is simply given as
ds˜2p+1 = γab(rc)dx˜
adx˜b = η˜abdx˜
adx˜b = −dτ˜ 2 + δijdx˜idx˜j . (6)
The Brown-York stress energy tensor T˜ BYab evaluated on the cutoff hypersurface Σc is
proposed as the stress energy tensor of the dual fluid [10]. It has a close relation with
the extrinsic curvature tensor K˜ab =
1
2
LN˜γab(r)|r=rc of Σc, where LN˜ is the Lie derivative
along the unit normal N˜A of the hypersurface. To study the thermodynamic properties of
the dual fluid at the cutoff surface, we begin with the re-scaled metric (4) with a Killing
horizon located at r = rh. The local temperature T˜0(rc) on Σc, which is identified as the
temperature of dual fluid [5], meets the Tolman relation with Hawking temperature TH of
the black brane metric (2)
T˜0(rc) =
TH√
gtt(rc)
, TH ≡ lim
r→rh
g′tt(r)
4π
√
gtt(r)grr(r)
(7)
To discuss the local entropy density of the dual fluid, we consider a quotient of the general
geometry (2) under shift of xi[5], xi ∼ xi+ ℓ0ni, with a characteristic length ℓ0 and ni ∈ Z.
Equivalently, using metric (4), the spatial Rp on Σc turns out to be a p-tours T
p with
rc-dependent volume
Vp(rc) = g
p/2
xx (rc)V0, V0 = ℓ
p
0, x˜
i ∼ x˜i + ℓ0
√
gxx(rc)n
i. (8)
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As the total Bekenstein-Hawking entropy S is fixed, we can identify the dual fluid’s entropy
density as
s0(rc) =
S
Vp(rc)
=
1
4Gp+2
g
p/2
xx (rh)
g
p/2
xx (rc)
, S =
Vp(rh)
4Gp+2
, (9)
where S is the Bekenstein-Hawking entropy of the black brane.
As a calculation example, we consider the Einstein-Hilbert action with a non-positive
cosmological constant Λ ≤ 0, as well as the Gauss-Bonnet term LGB = R2 − 4RABRAB +
RABCDR
ABCD, and the contribution from matters LM,
I =
1
16πGp+2
∫
dp+2x
√−g (R− 2Λ + αLGB + LM) , (10)
where α is the Gauss-Bonnet coefficient with the same dimension as square of length.
The Gauss-Bonnet term is a topological invariant when p = 2, and will modify Einstein
gravitational field equations when p ≥ 3 [27, 29]. We will generally demand p ≥ 2 and set
16πGp+2 = 1 throughout this paper
1. Varying the action (10) with respect to the induced
metric γab with appropriate surface terms [31, 32, 33, 34], we can get the Brown-York stress
energy tensor T˜ BYab evaluated on the cutoff hypersurface Σc of the Gauss-Bonnet gravity.
Because of the flatness of the cutoff surface, its final form is given by [12]
T˜ BYab = 2
[
K˜η˜ab − K˜ab − 2α
(
3J˜ab − J˜ η˜ab
)
+ C˜η˜ab
]
, (11)
with
J˜ab =
1
3
(2K˜K˜acK˜
c
b + K˜cdK˜
cdK˜ab − 2K˜acK˜cdK˜db − K˜2K˜ab) , (12)
where K˜ is the trace of extrinsic curvature tensor K˜ab of Σc, and C˜ is an ambiguous
constant. Substituting the metric (4) into the Brown-York stress tensor (11), we can get
the stress tensor of the holographic fluid dual to the Gauss-Bonnet gravity as
T˜ BYab dx˜adx˜b =
[
ρ˜
G
(rc)− 2C˜
]
dτ˜ 2 +
[
p˜
G
(rc) + 2C˜
]
δijdx˜
idx˜i, (13)
with constant pressure p˜
G
(rc) + 2C˜ and energy density ρ˜G(rc)− 2C˜, where
ρ˜
G
(rc) = G˜ρ(rc)ρ˜E(rc), w˜G(rc) ≡ ρ˜G(rc) + p˜G(rc) = G˜w(rc)w˜E(rc),
ρ˜
E
(rc) = − p√
grr(rc)
g′xx(rc)
gxx(rc)
, w˜
E
(rc) ≡ 1√
grr(rc)
(
g′tt(rc)
gtt(rc)
− g
′
xx(rc)
gxx(rc)
)
.
(14)
The sum w˜
G
(rc) is independent of the constant C˜. The Gauss-Bonnet term corrections,
compared to Einstein gravity with λG = (p− 1)(p− 2)α, are given by
G˜ρ(rc) = 1− λG
6grr(rc)
(
g′xx(rc)
gxx(rc)
)2
, G˜w(rc) = 1− λG
2grr(rc)
(
g′xx(rc)
gxx(rc)
)2
. (15)
1Most of the results in this paper have been checked by Mathematica up to p = 5.
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Using the above results, in general we have the thermodynamic relation
T˜0(rc)s0(rc) = w˜G(rc)− Ω˜0(rc), Ω˜0(rc) =
∑
m
µ(q)m (rc)n˜
m
(q)(rc), (16)
where m = 1, 2, ..., and every n˜m(q)(rc) corresponds to different kinds of charge density with
corresponding conjugate chemical potential µ
(q)
m (rc). Note that in the Gauss-Bonnet theory,
the area formula of black hole entropy no longer holds; but for the black brane solution
with Ricci flat horizon considered in the present paper, the area formula for the black brane
entropy still works [28, 29, 49]. Thus the total entropy is given by 2
S = s
0
(rc)Vp(rc) =
Vp(rc)
T˜0(rc)
[
w˜
G
(rc)− Ω˜0(rc)
]
, ∂rcS = 0. (17)
This isentropic equation ∂rcS = 0 can be considered as either an adiabatic thermodynamic
process of the dual fluid or a holographic renormalization group flow [5]. Varying the
action (10) with respect to metric g˜AB, we can obtain the equations of motion for the
Gauss-Bonnet gravity in the re-scaled (p+2)-dimensional bulk coordinates
W˜AB(r) ≡ E˜AB(r) + αH˜AB(r)− 1
2
T˜AB(r) = 0, {A,B...} = {r, τ˜ , x˜i} (18)
with the definitions
E˜AB(r) ≡ R˜AB − 1
2
R˜ g˜AB + Λg˜AB, T˜AB(r) ≡ −2 δLM
δg˜AB
+ g˜ABLM,
H˜AB(r) ≡ 2(R˜ACDER˜ CDEB − 2R˜ACBDR˜CD − 2R˜ACR˜CB + R˜R˜AB)−
1
2
g˜ABLGB,
(19)
where T˜AB(r) is the stress energy tensor of bulk matters. If we assume the metric (4) solves
Eqs. (18), the nonzero components of the stress energy tensor are T˜rr(r), T˜τ˜ τ˜ (r), T˜x˜x˜(r) ≡
T˜x˜ix˜i(r), and T˜τ˜ r(r) = T˜rτ˜ (r) = N (r)T˜τ˜ τ˜ (r), respectively. Following the procedure in [5] and
using metric (4), we can introduce an arbitrary null vector ζ˜ tangent to the hypersurface
r = rc with time component ∂τ˜ , such as
ζ˜A∂A = ∂τ˜ − ∂x˜1 g˜AB ζ˜Aζ˜B = 0, ζ˜AN˜A = 0, (20)
with N˜ the unit normal of the cutoff surface. It could be checked that
∂rc
[
Vp(rc)
T˜0(rc)
w˜
G
(rc)
]
=
Vp(rc)
TH
√
grr(rc)gtt(rc) 2 ζ˜
Aζ˜B
[
E˜AB(rc) + αH˜AB(rc)
]
. (21)
When the Ω˜0(rc) term satisfy the following relation
3
∂rc
[
Vp(rc)
T˜
0
(rc)
Ω˜0(rc)
]
=
Vp(rc)
TH
√
grr(rc)gtt(rc) ζ˜
Aζ˜BT˜AB(rc). (22)
2In the fluid/gravity correspondence, the corresponding Wald entropy current of curvature-squared
gravity theories is studied in [38].
3For an example see Section 4 of this paper or [5]. For the vacuum case without the matter source in
(10), this relation always holds.
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Using (17),(18) and the above two equations, we have
∂rcS =
Vp(rc)
TH
√
grr(rc)gtt(rc) 2 ζ˜
Aζ˜BW˜AB(rc). (23)
As
√
grr(rc)gtt(rc), Vp(rc) and TH have neither zero nor pole even when rc = rh, we arrive
at
∂rcS = 0 ⇐⇒ ζ˜Aζ˜BW˜AB(rc) = 0, (24)
which implies the equivalence between the isentropy of the RG flow and a radial gravita-
tional field equation of the Gauss-Bonnet gravity. Thus we have generalized the result in
[5] to the case of Gauss-Bonnet gravity.
2.2 Incompressible Navier-Stokes equations from gravity
Keeping the intrinsic metric (6) of Σc flat, we can take two linear diffeomorphisms based
on metric (4): a transformation of the radial r and a Lorentz boost in (τ˜ , x˜i) coordinates.
The first is the transformation of r and the associated re-scaling of (τ˜ , x˜i) as
r → k(r), τ˜ → τ˜
√
gtt(rc)
gtt[k(rc)]
, x˜i → x˜i
√
gxx(rc)
gxx[k(rc)]
, (25)
where k(r) is a linear function of r, whose form would be chosen via the global symmetry
of geometry (4). The metric (4) is then transformed into
ds2p+2 → dsˆ2p+2 = 2
√
gtt(r˜)grr(r˜)√
gtt(r˜c)
dτ˜dr˜ − gtt(r˜)
gtt(r˜c)
dτ˜ 2 +
gxx(r˜)
gxx(r˜c)
δijdx
idxj . (26)
where we have introduced the re-scaled coordinate r˜ ≡ k(r) and the notation r˜c ≡ k(rc).
We will work in the (r, x˜a) coordinates directly in this paper.
The other diffeomorphism is the Lorentz boost with a constant boost parameter βi in
the x˜a = (τ˜ , x˜i) coordinates
τ˜ → −u˜ax˜a, x˜i → n˜iax˜a, n˜ia =
(
−γβi, δij + (γ − 1)
βiβj
β2
)
, (27)
where we also have defined the (p+ 1)-velocity
u˜a = γβ(−1, βi), γβ =
(
1− β2)− 12 , β2 = βiβi = δijβiβj . (28)
As these parameters are all constants, the associated transformations can be expressed as
dτ˜ → −u˜adx˜a, dx˜i → n˜iadx˜a, δijdx˜idx˜j → δijn˜ian˜jadx˜adx˜b = P˜abdx˜adx˜b, (29)
with the projection operator P˜ab ≡ η˜ab + u˜au˜b = δijnianjb. Then the metric (26) becomes
dsˆ2p+2 → ds˜2p+2 = grr(r˜)dr˜2 + γ˜ab(r˜)
[
dx˜a + N˜ (r˜)u˜adr˜
] [
dx˜b + N˜ (r˜)u˜bdr˜
]
, (30)
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where we have used the ADM-like decomposition at the constant r˜ surface,
γ˜ab(r˜) = − gtt(r˜)
gtt(r˜c)
u˜au˜b +
gxx(r˜)
gxx(r˜c)
P˜ab, N˜ (r˜) = −
√
gtt(r˜c)grr(r˜)√
gtt(r˜)
. (31)
After the two diffeomorphisms, the metric (4) and (30) still solve the same gravity field
equations. The cutoff surface r = rc is equivalent to r˜ = r˜c, we will firstly work with the
new radial variable r˜ , and then transform back to r via r = k−1(r˜).
In general, the Brown-York stress energy tensor on the cutoff surface r = rc corre-
sponding to metric (30) will turn out to take the form
T˜ BYab (rc) = ρ˜(rc)u˜au˜b + p˜(rc)P˜ab, w˜(rc) = ρ˜(rc) + p˜(rc), (32)
which could be identified as the stress tensor of an ideal relativistic fluid T˜ (ideal)ab with
(p + 1)-velocity u˜a in flat space-time. In the Gauss-Bonnet gravity case (11), the cutoff-
dependent energy density ρ˜(rc) ≡ ρ˜G(r˜c)−2C˜ and pressure p˜(rc) ≡ p˜G(r˜c)+2C˜. In general
here C˜ is an unfixed constant, but to obtain a finite result when the cutoff surface goes to
the AdS boundary, C˜ can be fixed [12].
Let us pause to recall the hydrodynamical description of microscopic field dynamics
in flat spacetime. It applies when the correlation length of the fluid lcor is much smaller
than the characteristic scale L of variations of the macroscopic fields [35]. Via dimensional
analysis, lcor ∼ 1/Tc and 1/L ∼ ∂x˜a , where Tc is the characteristic temperature of the fluid
and ∂x˜a would act as the coordinate-dependent parameters, such as T (x˜) and u˜
a(x˜) 4. One
introduces the dimensionless Knudsen number Kn ≡ lcor/L ∼ 1T ∂˜a ∼ ǫ≪ 1 to expand the
stress energy tensor of relativistic fluid in flat background η˜ab,
T˜ab(x˜) =
∞∑
n=0
T˜ (n)ab (x˜), T˜ (0)ab (x˜) = w˜(x˜)u˜a(x˜)u˜b(x˜) + p˜(x˜)η˜ab, (33)
and T˜ (n)ab (x˜) ∼ (Kn)n. To take the non-relativistic limit as in [35], we recover the speed of
light c in (33) and introduce the normalized pressure P (x˜) as
u˜a(x˜) = γβ(x˜) (−1, βi(x˜)/c) , γβ(x˜) =
(
1− β2(x˜)/c2)− 12 , β2(x˜) = βi(x˜)βi(x˜),
u˜a(x˜)∂˜a = γβ(x˜)
∂˜τ
c
+ γ
β
(x˜)
βi(x˜)
c
∂˜i ,
∂˜aT (x˜)
T (x˜)
∼ ∂˜aw˜(x˜)
w˜(x˜)
∼ ∂˜ap˜(x˜)
p˜(x˜)
≡ w˜(x˜)
p˜(x˜)
∂˜aP˜ (x˜)
c2
.
(34)
When c→∞, the energy-momentum conservation equations of the ideal fluid, ∂˜aT˜ (0)ab (x˜) =
0, leads to the non-relativistic incompressible Euler’s equations,
∂˜iP˜ (x˜) + ∂˜τβi(x˜) + β
j(x˜)∂˜jβi(x˜) = 0, ∂˜iβ
i(x˜) = 0. (35)
4We have used (x˜) to denote the function arguments (x˜a), and would use ∂˜a to denote ∂x˜a .
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Instead of the c → ∞ limit, if we assume the small velocity parameter to take the same
limit as the Knudsen number, i.e. β/c ∼ Kn ∼ ǫ, it would be equivalent to set c = 1 in
(34) with the following scalings
∂˜i ∼ ǫ, ∂˜τ ∼ ǫ2, βi(x˜) ∼ ǫ, P˜ (x˜) ∼ ǫ2. (36)
These non-relativistic scalings are named as the BMW limit [4, 23]. To obtain the forced
NS equations, the dissipative part of the stress energy tensor (33) is required
T˜ab(x˜) = T˜ (0)ab (x˜) + T˜ (diss)ab (x˜), T˜ (diss)ab (x˜) = T˜ (1)ab (x˜) + T˜ (2)ab (x˜) + ... . (37)
For example, in the Landau frame u˜a(x˜)T˜ dissab (x˜) = 0, the first order dissipative components
could be written as
T˜ (1)ab (x˜) = −2η˜(x˜)σ˜ab(x˜)− ζ˜(x˜)θ˜(x˜)P˜ab(x˜), P˜ab(x˜) = η˜ab + u˜a(x˜)u˜b(x˜),
σ˜ab(x˜) = P˜ma (x˜)P˜nb (x˜)∂˜(mu˜n)(x˜)−
P˜ab(x˜)
p
θ˜(x˜), θ˜(x˜) = η˜ab∂˜au˜b(x˜),
(38)
where η˜(x˜) is the kinetic shear viscosity and ζ˜(x˜) is the bulk viscosity, the latter vanishes for
conformal fluids. Usually, they behave the same as local temperature T˜ (x˜) in (34). The first
order dissipative hydrodynamics satisfies the dynamical equations ∂˜a[T˜ (0)ab (x˜) + T˜ (1)ab (x˜)] =
f˜b(x˜) if some external source term appears. In the non-relativistic limit (36), if we further
assume f˜i(x˜) ∼ ǫ3, f˜τ˜(x˜) ∼ ǫ4, it would lead to the non-relativistic forced incompressible
NS equations at order ǫ3,
∂˜iP˜ (x˜) + ∂˜τβi(x˜) + β
j(x˜)∂˜jβi(x˜) + ν˜(x˜)∂˜
j ∂˜jβi(x˜) = f˜
[w˜]
i (x˜), ∂˜iβ
i(x˜) = 0, (39)
where ν˜(x˜) = η(x˜)/w˜(x˜) is the dynamical shear viscosity and f˜
[w˜]
i (x˜) = f˜i(x˜)/w˜(x˜). The
NS equations have the scaling symmetry (36), as shown in [4, 10].
Next we will derive the incompressible NS equations from the gravity side. To get
the dissipative part of the dual fluids, we need to perturb the geometry (30) by using
either the linear response method (eg. [6]) or the perturbative expansion method developed
in [1], where a perturbative procedure to solve Einstein’s equations order by order in the
boundary derivative expansion was proposed. In the case with a finite cutoff surface,
we also can employ the procedure under the non-relativistic limit [11, 12]. Regarding
the transformation parameters in linear function r˜ = k(r) and the p-velocity βi in the
boost transformation as functions of the hypersurface coordinates (τ˜ , x˜i), we can solve
the gravitational equations order by order in the non-relativistic perturbative expansion.
Based on (36), these transformation parameters are also regarded as small quantities with
appropriate scaling symmetry as
∂r ∼ ǫ0, ∂˜i ∼ βi(x˜) ∼ ǫ1, ∂˜τ ∼ δk(r, x˜) ∼ P˜ (x˜) ∼ ǫ2, (40)
where δk(r) ≡ r˜−r ∼ ǫ2 would provide the pressure perturbation. Using the formal Taylor
expansion such as gtt(r˜) = gtt(r)+g
′
tt(r)δk(r), and define g˜τ˜r(r) =
√
gtt(r)grr(r)/gtt(rc), we
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can consider the metric (30) with coordinate-dependent parameters as ds˜2(0), and expand
it up to order ǫ2, 5
ds˜2(0) =+ 2g˜τ˜r(r)dτ˜dr +
[
− gtt(r)
gtt(rc)
dτ 2 +
gxx(r)
gxx(rc)
δijdx
idxj
]
− 2g˜τ˜ r(r)βi(x˜)dx˜idr + 2
[
gtt(r)
gtt(rc)
− gxx(r)
gxx(rc)
]
βi(x˜)dx˜
idτ˜
+ g˜τ˜r(r)β
2(x˜)dτ˜dr −
[
gtt(r)
gtt(rc)
− gxx(r)
gxx(rc)
] (
β2(x˜)dτ˜ 2 + βi(x˜)βj(x˜)dx˜
idx˜j
)
+ g˜τ˜r(r)
g′rr(r)
grr(r)
δk(r)dτ˜dr +
[
g′tt(r)
gtt(r)
δk(r)− g
′
tt(rc)
gtt(rc)
δk(rc)
](
g˜τ˜r(r)dτ˜dr − gtt(r)
gtt(rc)
dτ˜ 2
)
+ 2g˜τ˜r(r) [k
′(r)− 1] dτ˜dr + gxx(r)
gxx(rc)
[
g′xx(r)δk(r)
gxx(r)
− g
′
xx(rc)
gxx(rc)
δk(rc)
]
dx˜idx˜
i,
+O(ǫ3), (41)
where δk(r) and βi(x˜) and are all functions of x˜
a now, we will omit this notation (x˜) hence-
forth. The coordinate-dependent metric (41) is no longer a diffeomorphism of metric (30).
Under the perturbative expansion, it turns out that (41) only solves the same equations
of motion of gravity up to ǫ1. To solve the equations of motion up to ǫ2, some constraint
equations and new correction terms to the bulk metric are needed at this order. With the
same way, the equations of motion of the system can be solved order by order in the non-
relativistic expansion parameter ǫ [11]. And the corresponding Brown-York stress energy
tensor which is identified as the dual fluid’s stress energy tenor, can also be obtained at
the desired order. In this paper we solve the equations of motion up to order ǫ2. It turns
out that the non-dissipative part is still given by (32) in the non-relativistic limit. Up to
ǫ2, we have
T˜ (0)ab dx˜adx˜b =
[
ρ˜(rc) + w˜0(rc)β
2
]
dτ˜ 2 − 2w˜0(rc)βidx˜idτ˜
+ [p˜(rc)δij + w˜0(rc)βiβj ] dx˜
idx˜j +O(ǫ3),
(42)
where w˜
0
(rc) = ρ˜0(rc) + p˜0(rc), and
ρ˜(rc) ≡ ρ˜0(r˜c) ∼= ρ˜0(rc) + ρ˜′0(rc)δk(rc), p˜(rc) ≡ p˜0(r˜c) ∼= p˜0(rc) + p˜′0(rc)δk(rc). (43)
The equations of motion of the bulk matters should be solved in the same procedure. Once
we get the solutions of both gravity and matters up to order ǫ2, the constraint equations of
gravity at order ǫ3 are just the forced incompressible NS equations (39) of the dual fluid.
As a calculation example to perturb the geometry (30), we again assume the metric
solves the equations (18) of Gauss-Bonnet gravity with a non-positive cosmology constant
5In this paper, we use the scripts (0), (1), ... to denote the order in the derivative expansion, and scripts
(ǫ), (ǫ2)... to denote the order of the non-relativistic expansion parameter ǫ.
10
Λ˜. The metric (41) leads to W˜
(ǫ)
MN = 0, and the constraint equation at order ǫ
2 turns out
to be
2N˜CW˜
(ǫ2)
Cτ = −∂˜aT˜ (0)aτ = w˜0(rc)∂˜iβi = 0, (44)
where w˜0(rc) = w˜G(rc) is nonzero outside the horizon. Thus it leads to the incompressible
condition ∂˜iβ
i = 0 of the dual fluid at the cutoff surface.
To solve gravitational field equations at order ǫ2, we need to add corrections to the
metric (41). It was shown in [1] that due to the spatial SO(p) rotation symmetry of the
black brane background, one has the decoupled equations of SO(p) scalar, vector and
traceless tensor perturbations. For example, if we turn off the tensor perturbations of the
matter stress energy tensor T˜AB(r), the tensor corrections to the metric, at order ǫ2, are
ds˜2(1) = 2F˜(r)
gxx(r)
√
gtt(rc)
gxx(rc)
σ˜ij dx˜
idx˜j + ..., σ˜ij = ∂˜(iβj) − 1
p
δij ∂˜kβ
k. (45)
Then the traceless tensor parts of the gravitational field equations W˜
(ǫ2)
ij = 0 lead to a
second-order ordinary differential equation[(
1 +
√
gtt(r)√
grr(r)
F˜ ′(r)
)
Gg(r)
]′
= 0⇒ F˜(r) =
∫ rc
r
√
grr(y)√
gtt(y)
[
1− Gg(rh)Gg(y)
]
dy, (46)
where two integration constants have been fixed and
Gg(r) = gp/2xx (r)

1− α(p− 2)
[
gtt(r)g
(p−3)/2
xx (r)
]′
g′xx(r)
[gtt(r)grr(r)] g
(p−1)/2
xx (r)

 . (47)
In (46), one integration constant is the upper limit of the integration, which is chosen to
be rc via the Dirichlet boundary condition at the cutoff surface. The other integration
constant is chosen to be Gg(rh) to cancel out the first order zero in the denominator√
gtt(rh)/
√
grr(rh) = 0 of the integrand in (46), where
Gg(rh) ≡ lim
r→rh
Gg(r) = gp/2xx (rh) (1− αΛα) , Λα =
4(p− 2)πTH√
gtt(rh)grr(rh)
g′xx(rh)
gxx(rh)
, (48)
and
√
gtt(rh)grr(rh) is a finite constant due to our definition. The Hawking temperature
TH is given in (7), so that Λα is a constant determined by the metric (1) at the horizon.
With the perturbed metric ds˜2(0) + ds˜
2
(1), corresponding Brown-York tensor becomes
T˜ (0)ab + T˜ (1)ab , where the symmetric traceless components of T˜ (1)ab are
T˜ (1)ij = −2
Gg(rh)
g
p/2
xx (rc)
[
1 +
√
gtt(rc)√
grr(rc)
F˜ ′(rc)
]
σ˜ij = −2 Gg(rh)
g
p/2
xx (rc)
σ˜ij ≡ −2η˜(rc)σ˜ij. (49)
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Here η˜(rc) is defined as the kinetic shear viscosity of fluid dual to the Gauss-Bonnet gravity
with the geometry (1). Using the entropy density s0(rc) given in (9) of the fluid at the
cutoff surface, we have
η˜(rc) =
Gg(rh)
g
p/2
xx (rc)
⇒ η˜(rc)
s0(rc)
=
1
4π
[1− αΛα] . (50)
One can see that the shear viscosity over entropy density of dual fluid does not run with
the cutoff surface. This match with the results in [6] and [36], where a hypersurface in the
given solution is introduced. Here we impose the Dirichlet boundary conditions [5, 12] and
find the corresponding perturbed bulk solutions with a flat induced hypersurface. Using
the formula (50), one can easily obtain the ratio of shear viscosity over entropy density
for some fluid once the dual gravity background is known. Take an example, using the
charged AdS Gauss-Bonnet black brane background solutions, one has [15, 30]
gxx(r) =
r2
ℓ2
, gtt(r) = g
−1
rr (r) =
r2
2λG

1−
√
1− 4λG
ℓ2
[
1− (1 +Q2)r
p+1
h
rp+1
+Q2
r2ph
r2p
] ,
=⇒ η˜(rc)
s˜(rc)
=
1
4π
[
1− 2λG
ℓ2
(
p+ 1
p− 1 −Q
2
)]
, λG = (p− 1)(p− 2)α, (51)
where α is the Gauss-Bonnet coefficient, and ℓ is the radius of AdS spacetime. When
ℓ → ∞, the negative cosmological constant Λ = −p(p + 1)/2ℓ2 → 0, the black brane
solution will degenerate into the ingoing Rindler space via some coordinate redefinition [5],
and the Gauss-Bonnet term will not contribute to the shear viscosity any more. This has
been shown via using the ingoing Rindler metric of flat spacetime [37]. Here our formula
in (48) leads to this result directly because gxx(r) = 1⇒ Λα = 0 .
3 Holographic forced fluid at AdS boundary
It is interesting to give the concrete expressions of some external forces of holographic fluid.
For this, let us consider the Einstein-Maxwell action with a dilaton field Φ and appropriate
boundary terms and counter terms as follows.
I = 1
16πGp+2
∫
dp+2x
√−g
(
R− 2Λ− 1
4
F 2 − 1
2
(∇Φ)2
)
+ Sb.t. + Sc.t., (52)
where the negative cosmological constant Λ = −p(p+ 1)/2ℓ2, the Maxwell field FMN =
2∇[MAN ], and F 2 = FMNFMN , (∇Φ)2 = ∇MΦ∇MΦ , where {M,N, ...} run over the bulk
coordinates. In what follows, 16πGp+2 = 1 will be adopted. From the action we can get
the gravitational field equations
RMN − gMN
2
R + ΛgMN =
1
2
T
(A)
MN +
1
2
T
(Φ)
MN , (53)
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where T
(A)
MN = FMPF
P
N − gMN4 F 2, T (Φ)MN = ∇MΦ∇NΦ− gMN2 (∇Φ)2, and from which one has
WMN ≡ RMN + p+ 1
ℓ2
gMN − 1
2
∂MΦ∂NΦ− 1
2
(
FMPF
P
N −
1
2p
gMNF
2
)
= 0. (54)
The equations of motion of the Maxwell field and the dilaton field are
WN ≡ ∇MFMN = 0, Wφ ≡ ∇2Φ = 0. (55)
The system has a class of exact solutions with p+ 2 parameters as

ds2 = −2uµdxµdr + r
2
ℓ2
[V (r)uµuνdx
µdxν + Pµν ] dxµdxν ,
A = −U(r)uµdxµ,
Φ = Φ0.
(56)
where {µ, ν, ...} run over the boundary coordinates. This is a charged boosted black brane
solution in Eddington-Finkelstein coordinates with a constant dilaton Φ0, and a constant
unit normalized velocity uµ,
uµ = γv(−1, vi), γv =
(
1− v2)− 12 , v2 = vivi = δijvivj. (57)
and ηµνuµuν = −1. In the metric of the solutions (56),
V (r) = 1− mℓ
2
rp+1
+
q2ℓ2
r2p
≡ 1− (1 +Q2)r
p+1
h
rp+1
+Q2
r2ph
r2p
. (58)
Here the notations in [25] have been used,
V (rh) = 1−M +Q2 = 0, M ≡ mℓ
2
rp+1h
, Q ≡ qℓ
rph
, (59)
where r = rh is the horizon location of the charged black brane solution. The Hawking
temperature of the black brane is given by
TH =
1
4π
[
r2V (r)
ℓ2
]′∣∣∣∣
r=rh
=
[
(p+ 1)M − 2p Q2] rh
4πℓ2
, (60)
In the gauge field part, we have chosen the gauge that Ar = 0 and
U(r) = µ0
(
b0 − r
p−1
h
rp−1
)
, µ0 =
q
rp−1h
√
2p
p− 1 , (61)
where b0µ0 is the value of the gauge potential at the AdS boundary. Usually b0 = 1 is
required to get a well defined gauge field at the horizon [39, 40], but this is not necessary
in the perturbative fluid/gravity correspondence [24].
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3.1 Charged fluid in non-relativistic limit
To perturb the metric (56), we take the same procedure via regarding the parameters
in the metric and gauge field as functions of boundary coordinates uµ → uµ(x), rh →
rh(1 + P (x))
6. Without loss of generality, we take the associated replacements as m →
m (1 + P (x))p+1 and q → q (1 + P (x))p to keep M and Q as two constants. The scalar
field is replaced as Φ → φ(xµ). Then the solutions (56) will not solve the equations of
motion (55) and (54) any more. Using the so-called BMW limit at the boundary [4, 10]
∂r ∼ ǫ0, ∂i ∼ vi ∼ ∂iφ ∼ ǫ1, ∂τ ∼ P ∼ ǫ2, (62)
where we have added an assumption that ∂iφ ∼ ǫ1, we can solve the equations of motion
order by order in the small parameter ǫ [11, 12]. Actually the three parameters (m, q, rh)
relate to each other via V (rh) = 0, so that two of them are independent parameters, for
example, one can take q and rh as two independent parameters. We focus on the forced NS
equations in this paper, so δm ∼ δq ∼ δrh ∼ ǫ2 have been assumed in the non-relativistic
limit. In the boundary derivative expansion of the relativistic fluid, the solutions of the
Einstein-dilaton system [3], and the Einstein-Maxwell system [24, 25] have been obtained
up to second order of the derivative expansion parameter. We can extract the relevant
terms up to the second order in our non-relativistic expansion parameter ǫ. To compare
with their results, we write our the non-relativistic perturbative solutions up to ǫ2 in a
covariation form,

ds2 =− 2uµ(x)dxµdr + r
2
ℓ2
[−V (r˜)uµ(x)uν(x) + Pµν(x)] dxµdxν
+
r2
ℓ2
[
ℓ2K(r)θφuµuν + 2ℓF(r)σµν + ℓ2Fφ(r)(σφ)µν
]
dxµdxν ,
A =Aµ(r, x)dxµ =
[
A(q)µ (r, x) + A
(ex)
µ (x)
]
dxµ,
Φ =φ(x) + ℓF(r) (uµ∂µφ) + ℓ2Fφ(r)(∂µ∂µφ).
(63)
Although higher order terms such as uτui ∼ ǫ3 are reserved, they would not contribute to
the calculation up to order ǫ2. In (63), Pµν(x) = ηµν + uµ(x)uν(x), r˜ = [1− P (x)] r, and
A
(q)
µ (r, x) = − [1 + P (x)]U(r˜)uµ is the perturbed and boosted potential. A(ex)µ is an extra
electromagnetic field, which would provide extra forces and F
(ex)
µν = 2∂[µA
(ex)
ν] are chosen to
meet with the appropriate non-relativistic expansion in [5], F
(ex)
τi ∼ ǫ3, F (ex)ij ∼ ǫ2, as well
as the velocity uµ = (−1−v2/2, vi). This solution solves the equations of motion (55) and
(54) up to order ǫ2, if the following expressions are provided
F(r) = ℓ
∫ ∞
r
(yp − rph)
yp+2V (y)
dy, σµν = ∂(µuν) − Pµν
p
θ, (64)
6We briefly denote the function variables (xµ) as (x) and some of them in the following equations will
be ignored.
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where θ = ηµν∂µuν = Pµν∂µuν, for the dilaton shear perturbations
Fφ(r) = ℓ
2
p− 1
∫ ∞
r
(yp−1 − rp−1h )
yp+2V (y)
dy, (σφ)µν = ∂(µφ∂ν)φ− Pµν
p
θφ, (65)
and for the dilaton scalar perturbations
K(r) = ℓ
2
2p(p− 1)r2 , θφ = P
µν∂µφ∂νφ. (66)
We can generalize the dual boundary fluid in [3, 25] to the (p+1)-dimensional case with
p ≥ 2, where the stress tensor T˜ µν and current J˜ µ are given by
T µν = lim
r→∞
rp+1
ℓp+1
[
2(Kαβh
αβhµν −Kµν )−
2p
ℓ
hµν +
2ℓ
p− 1Gˆ
µ
ν −
ℓ
p− 1(GˆΦ)
µ
ν
]
,
J µ = lim
r→∞
rp+1
ℓp+1
NrF
µr, Gˆµν = Rˆ
µ
ν −
1
2
Rˆhµν , (GˆΦ)
µ
ν = Dˆ
µΦDˆνΦ− 1
2
(DˆΦ)2hµν ,
(67)
where N is the outward pointing unit normal of the regulated boundary, Dˆ is the covariant
derivative associated with the boundary metric hµν , and the corresponding Einstein tensor
Gˆµν , as well as the effective counter tensor (GˆΦ)
µ
ν of the dilaton field [41, 42, 43]. Substituting
our solutions (63) in (67), the Brown-York stress tensor and the induced current at the
AdS boundary are given by
T µν =Mr
p+1
h
ℓp+2
[1 + (p + 1)P ] [(p + 1) uµuν + ηµν ]− 2 r
p
h
ℓp
σµν − 1
p− 1
rp−1h
ℓp−2
(σφ)
µν ,
J µ = r
p
ℓp
F µr = n(q)u
µ, n(q) = (1 + pP )n0, n0 ≡ r
p
ℓp
U ′(r) =
q
√
2p(p− 1)
ℓp
,
(68)
where n(q) is the induced charge density. Note that here (σφ)
µν is included in the stress
tensor (68). These terms relating to the dilaton field were considered as the dissipative
parts of the dual fluids’ stress tensor in [3], or the perturbations in the membrane paradigm
[6]. In this paper, however, we focus on the forced NS equations and move them to the
right-hand side of the constraint equations as additional sources, similar to what has been
done for the boundary metric perturbations [4, 23]. Then we can redefine the stress tensor
of the dual fluids with first order dissipative term
T (w)µν = w0 [1 + (p+ 1)P ]
[
uµuν +
ηµν
p+ 1
]
− 2 η0 σµν , w0 = (p+ 1)Mr
p+1
h
ℓp+2
, (69)
where η0 is the holographic shear viscosity of the dual fluid. With the corresponding
entropy density s0, we have
η0 =
rph
ℓp
, s0 =
1
4Gp+2
rph
ℓp
⇒ η0
s0
=
1
4π
, (70)
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and the thermodynamic relation THs0 = w0−n0µ0 still holds. Furthermore, we can redefine
the following stress tensor by moving out the terms associated with the boundary chemical
potential
T (s)µν = THs0 [1 + (p+ 1)P ]
[
uµuν +
ηµν
p+ 1
]
− 2 η0 σµν , (71)
This form will be used later.
3.2 Forced Navier-Stokes equations
Using Gauss-Codazzi-Mainardi relations near the boundary [3], we can obtain the con-
straint equations of gravity
2DA
(
KCDh
CDhAB −KAB
)
= −2RCDhCBND = −DBΦ∇DΦ ND − FCPF PDhCB ND, (72)
where hAB, N
A and KAB are respectively the induced metric, the outward pointing unit
normal and the extrinsic curvature of the constant r hypersurface, with the covariant
derivative D. When r → ∞, transforming these results into the boundary metric ηµν of
the dual fluid, we have
∂µT µν = − lim
r→∞
rp+1
ℓp+1
[(
NC∇CΦ+ ℓ
p− 1Dˆ
2Φ
)
DˆνΦ +N
CFCDF
D
ν
]
. (73)
Introduce the gauge field tensor F
(bd)
µν = 2∂[µA
(bd)
ν] which comes from the boundary chemical
potential A
(bd)
µ = −b0µ0(1+P )uµ , and denote the background gauge field tenor as F (bg)µν =
2∂[µA
(bg]
ν) , where A
(bg)
µ = A
(bd)
µ + A
(ex)
µ , the (p + 1) constraint equations up to ǫ3 become
∂µTµν = −∂νφ
[
rph
ℓp
(uµ∂µφ) +
1
p− 1
rp−1h
ℓp−2
(∂µ∂µφ)
]
− J µF (bg)µν , (74)
where F
(bg)
µν = F
(ex)
µν + F
(bd)
µν , and the constraint equation of Maxwell field reads ∂µJµ =
n(q)∂
µuµ = 0. Using the redefined stress energy tensor (69), we get the forced NS equations
at order ǫ3,
∂µT (w)µν = f (φ)ν + f (q)ν , f (q)ν = −n(q)uµF (bg)µν , (75)
where f
(q)
ν is just the Lorentz force of the charged fluid and f
(φ)
ν is the external force from
the dilaton field up to ǫ3
f (φ)ν ≡− χ0 (uµ∂µφ∂νφ) + ξ0 (∂µφ∂µ∂νφ) , χ0 =
rph
ℓp
, ξ0 =
p− 2
p(p− 1)
rp−1h
ℓp−2
. (76)
The Lorentz force up to ǫ3 can also be divided into two parts as
f (q)ν ≡f (ex)ν + f (bd)ν , f (ex)ν = −n(q)uµF (ex)µν , f (bd)ν = −n(q)uµF (bd)µν . (77)
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In addition, we notice that the following relation holds at order ǫ3
∂µ[T (w)µν − T (s)µν ]b0 = f (bd)ν b0=1−−→ ∂µT (s)µν = f (φ)ν + f (ex)ν . (78)
Thus, if we define the fluid stress energy tensor as (71), with b0 = 1, we can see that the
external forces only come from the dilaton field and the external electromagnetic field. This
result is consistent with the one in [4]. It would be more clear to see the non-relativistic
results by neglecting higher order terms of the solutions in the covariant form. The solutions
in (63) become

ds2 =+ 2dτdr +
r2
ℓ2
[−V (r) dτ 2 + δijdxidxj]− 2vidxidr − 2r2
ℓ2
[1− V (r)] vidxidτ
+ v2dτdr +
r2
ℓ2
[
rV ′(r)Pdτ 2 + (1− V (r)) (v2dτ 2 + vivjdxidxj)]
+
r2
ℓ2
[
ℓ2K(r)θφdτ 2 +
(
2ℓF(r)σij + ℓ2Fφ(r)(σφ)ij
)
dxidxj
]
,
A = [U(r) (1 + P + v2/2)− rPU ′(r) + A(ex)τ ] dτ + [−U(r)vi + A(ex)i ] dxi,
Φ =φ(x) + ℓF(r) (∂τφ+ vi∂iφ)+ ℓ2Fφ(r)(∂i∂iφ),
(79)
up to ǫ2, where the shear tensors are
σij = ∂(ivj) − δij
p
θ, (σφ)ij = ∂(iφ∂j)φ− δij
p
θφ, (80)
and θ = δij∂ivj, θφ = δ
ij∂iφ∂jφ . Our aim is to obtain the forced NS equations, which turn
out to be the constraint equations of the gravitational field equations (54) at order ǫ3. The
solutions up to ǫ2 are enough to provide the forced NS equations, because higher order
corrections do not make contribution in this order. With the solutions (79), the constraint
equations at order ǫ2 give the incompressible condition w0∂iv
i = 0, and at order ǫ3 give us
with
w0
(
∂τvi + v
j∂jvi + ∂iP
)− η0∂2vi = f (φ)i + f (q)i . (81)
These equations are just the temporal and spatial components of the equations in (75) up
to ǫ3. Here the external forces only have the spatial components as
f
(φ)
i = −χ0
(
vj∂jφ∂iφ
)
+ ξ0
(
∂jφ∂j∂iφ
)
, f
(q)
i = −n0
(
E
(bg)
i + v
jB
(bg)
ji
)
, (82)
where E
(bg)
i = F
(bg)
τi and B
(bg)
ij = F
(bg)
ij are the background electric and magnetic fields
respectively. Further we define the dynamic viscosity and the normalized forces as
ν[w] = η0/w0, f
(φ)
[w]i = f
(φ)
i /w0, f
(q)
[w]i = f
(q)
i /w0, (83)
the forced incompressible NS equations then become
∂τvi + v
j∂jvi + ∂iP − ν[w]∂2vi = f (φ)[w]i + f (q)[w]i, ∂ivi = 0. (84)
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If we consider the characteristic scale L ∼ ǫ−1 and the velocity v = √vivi ∼ ǫ, the Reynolds
number of the dual fluid Re = vL/ν[w] ∼ 4πTH [1 + (n0µ0)/(THs0)].
In addition, we can divide the electromagnetic forces into two parts f
(q)
i = f
(bd)
i + f
(ex)
i ,
where
f
(ex)
i =− n0
(
E
(ex)
i + v
jB
(ex)
ji
)
, f
(bd)
i = b0n0µ0(∂τvi + v
j∂jvi + ∂iP ), (85)
where E
(ex)
i = F
(ex)
τi and B
(ex)
ij = F
(ex)
ij . Then f
(ex)
i is just the Lorentz force from the extra
electromagnetic field, while f
(bd)
i from the boundary chemical potential. We now move the
term f
(bd)
i to the left-hand side of the NS equations. Defining the dynamic shear viscosity
and the force density as
ν[s] =
η0
THs0
=
1
4πTH
, f
(φ)
[s]i =
f
(φ)
i
THs0
, f
(ex)
[s]i =
f
(ex)
i
THs0
, (86)
we can rewrite the incompressible charged NS equations as
∂τvi + v
j∂jvi + ∂iP − ν[s]∂2vi = f (φ)[s]i + f (ex)[s]i , ∂ivi = 0. (87)
In this case, the Reynolds number becomes Re = vL/ν[s] ∝ TH , proportional to the
temperature of the fluid.
4 Holographic forced fluid at cutoff surface
In this section, we will generalize the previous discussions to the case of dual fluid at a
finite cutoff surface by using the method which is introduced in Section 2. In this case, we
only need to substitute
gtt(r) = g
−1
rr (r) = r
2V (r)/ℓ2, gxx(r) = r
2/ℓ2, (88)
into the generic metric (1), and introduce a finite cutoff surface in the background solution
and consider the non-relativistic expansions
∂˜r ∼ ǫ0, ∂˜i ∼ βi ∼ ∂˜iφ ∼ ǫ1, ∂˜τ ∼ P˜ ∼ ǫ2. (89)
The equations of motion to be solved are given by (55) and (54).
4.1 Charged fluid in non-relativistic limit
Since we are considering the bulk solution with a finite cutoff in this section, following [23],
we choose the gauge that grr = 0, gra ∝ u˜a and g(1)ii = 0. The perturbed solution up to
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order ǫ2 with a Dirichlet boundary condition at the cutoff surface turns out to be

ds˜2 =−
2ℓ
[
1 + H˜(r˜)(r2c θ˜φ)
]
r˜c
√
V (r˜c)
u˜a(x˜)dx˜
adr˜ +
r˜2
r˜2c
[
− V (r˜)
V (r˜c)
u˜a(x˜)u˜b(x˜) + P˜ab(x˜)
]
dx˜adx˜b
+
r2
r2c
[
K˜(r)(r2c θ˜φ)
u˜au˜b
V (rc)
+ 2rc F˜(r)
√
V (rc) σ˜ab + r
2
c F˜φ(r)(σ˜φ)ab
]
dx˜adx˜b,
A˜ =A˜a(r˜, x˜)dx˜a =
[
A˜(bd)a (r˜, x˜) + A˜
(ex)
a (x˜)
]
dx˜a +
ℓ
rc
µ0Q˜(r)√
V (rc)
rp−1h
rp−1
(r2c θ˜φ)u˜a(x˜)dx˜
a,
Φ˜ =φ(x˜a) + rcF˜(r)
√
V (rc)
(
u˜a∂˜aφ
)
+ r2c F˜φ(r)
(
∂˜a∂˜aφ
)
,
(90)
where the gauge field relates to (63) through
A˜(bd)a (r˜, x˜) = −
ℓ
r˜c
U(r˜)√
V (r˜c)
u˜a(x˜), A˜
(ex)
a (x˜) = −
ℓ
r˜c
A
(ex)
τ (x)√
V (r˜c)
u˜a(x˜) +
ℓ
r˜c
A
(ex)
i (x)n˜
i
a(x˜). (91)
and n˜ia(x˜) are given in (27) with a coordinate-dependent velocity. Again keep in mind that
we have already taken the non-relativistic limit (89) of the solution (90) up to order ǫ2
and higher order terms do not make contribution in the following calculations, they are
reserved just for a covariant form. For the shear perturbations due to the boost,
F˜(r) = ℓ
∫ rc
r
(yp − rph)
yp+2V (y)
dy, σ˜ab = ∂˜(au˜b) − P˜ab
p
θ˜. (92)
and θ˜ = η˜ab∂˜au˜b ≡ P˜ab∂˜au˜b. For the shear perturbations due to the dilaton field,
F˜φ(r) = ℓ
2
p− 1
∫ rc
r
(yp−1 − rp−1h )
yp+2V (y)
dy, (σ˜φ)ab = ∂˜(aφ∂˜b)φ− P˜ab
p
θ˜φ, (93)
where θ˜φ ≡ P˜ab(∂˜aφ∂˜bφ). The corresponding scalar perturbation equations give the fol-
lowing solutions
H˜(r) = ℓ
2
4p(p− 1)r2c
h(rc)√
V (rc)
, Q˜(r) = ℓ
2
4p(p− 1)r2c
a(rc)√
V (rc)
(
1− r
p−1
rp−1c
)
,
K˜(r) = ℓ
2
2p(p− 1)r2
[
1− r
2
r2c
h(rc)V (r)√
V (rc)
+
rp−1c
rp−1
(
h(rc)
√
V (rc)− 1
)
+ q˜(r)
]
.
(94)
Here two of the integration constants in (94) have been determined via the Dirichlet bound-
ary condition of K˜(r) and Q˜(r). The other two integration constants a(rc), h(rc), and the
notation
q˜(r) =
h(rc)− a(rc)√
V (rc)
r2
r2c
q2ℓ2
r2p
(
1− r
p+1
rp+1c
)
, (95)
19
will be determined via choosing the Landau gauge of the stress energy tensor of dual fluid
and the induced charge current, whose expressions are given by
T˜ab(rc) = 2(K˜ηab − K˜ab) + T˜ (ct)ab , J˜ (q)a (rc) = N˜CF˜ Ca . (96)
The counter term at the cutoff surface is
T˜ (ct)ab = −c˜(rc)
[
2p
ℓ
η˜ab +
ℓ
(p− 1)
(
∂˜aφ∂˜bφ− η˜ab
2
(∂˜φ)2
)]
, (97)
where c˜(rc) could be an arbitrary function of rc. In fact, at the finite cutoff surface, the
counter term is not necessary. To match the results at the AdS boundary in the case
without the cutoff surface, we here add the counter term and can take c˜(rc) = 1.
The stress energy tensor and current in the derivative expansion of the fluid dual to
the perturbed solution (90) can be written as
T˜ab(rc) = T˜ (0)ab + T˜ (1)ab + T˜ (2)ab + ..., T˜ (0)ab = w˜(rc)u˜au˜b + p˜(rc)η˜ab,
J˜ (q)a (rc) = J˜ (0)a + J˜ (1)a + J˜ (2)a + ..., J˜ (0)a = n˜(rc)u˜a,
(98)
where w˜(rc) = ρ˜(rc) + p˜(rc). The zeroth order parts in derivative expansion are just the
stress energy tensor and current of ideal charged fluid. The energy density ρ˜(rc), pressure
p˜(rc), and charge density n˜(rc) up to order ǫ
2 in the non-relativistic expansion are given
by
ρ˜(rc) = ρ˜0(rc)− (rcP )ρ˜′0(rc), ρ˜0(rc) = −
2p
√
V (rc)
ℓ
+
2p c˜(rc)
ℓ
,
p˜(rc) = p˜0(rc)− (rcP )p˜′0(rc), p˜0(rc) =
rcV
′(rc)
ℓ
√
V (rc)
− ρ˜0(rc), (99)
n˜(rc) = n˜0(rc)− (rcP )n˜′0(rc), n˜0(rc) = U ′(rc).
The higher order terms in derivative expansion (98) are the dissipative parts of the
stress energy tensor and current, we denote them by T˜ (diss)ab and J˜ (diss)ab . Then using the
Landau gauge up to ǫ2,
uaT˜ (diss)ab = 0⇒ h(rc) = c˜(rc), u˜aJ˜ (diss)a = 0⇒ a(rc) = h(rc), (100)
so that q˜(r) = 0, and when rc →∞ we can recover the results (63) at the AdS boundary
via transforming them to the coordinates in the boundary.
After imposing the Landau gauge (100) up to order ǫ2, we have J˜ (1)a = J˜ (2)a = 0 and
T˜ (1)ab = −2η˜0(rc)σ˜ab, T˜ (2)ab = −2η˜φ(rc)(σ˜φ)ab − ζ˜φ(rc)θ˜φPab, (101)
where the cutoff-dependent shear viscosity and entropy density are
η˜0(rc) =
rph
rpc
, s˜0(rc) =
1
4Gp+2
rph
rpc
⇒ η˜0(rc)
s˜0(rc)
=
1
4π
. (102)
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And the coefficients associated with dilaton φ are
η˜φ(rc) =
ℓ
2(p− 1)√V (rc)
[
rp−1h
rp−1c
+ c˜(rc)
√
V (rc)− 1
]
,
ζ˜φ(rc) =
ℓ
2p
√
V (rc)
[
1− c˜(rc)
√
V (rc)− c˜(rc)rcV
′(rc)
2(p− 1)√V (rc)
]
.
(103)
On the other hand, at the zeroth order, from (7) and (99), one has
T˜0(rc) =
r2hV
′(rh)
4πℓrc
√
V (rc)
, w˜0(rc) = ρ˜0(rc) + p˜0(rc) =
rcV
′(rc)
ℓ
√
V (rc)
, (104)
as well as n˜
0
(rc) in (99), and s˜0(rc) in (102), thus one can show that the following thermo-
dynamical relation still holds for the fluid at the cutoff surface
T˜0(rc)s0(rc) = w˜0(rc)− n˜0(rc)µ˜0(rc), µ˜0(rc) =
ℓ [U(rc)− U(rh)]
rc
√
V (rc)
, (105)
where the chemical potential µ˜0(rc) is defined as the difference of the gauge potential be-
tween the horizon and the cutoff surface. The dimensionless coordinate invariant diffusivity
defined in [5] is
D¯c(rc) = T˜0(rc)
η˜0(rc)
w˜0(rc)
=
1
4π
[
1 +
n˜0(rc)µ0(rc)
T˜0(rc)s0(rc)
]−1
, (106)
which shows the dependence of the cutoff surface when the chemical potential is present.
4.2 Forced Navier-Stokes equations
As what has been done in section 3.1, we can redefine the stress energy tensor of the dual
fluid as
T˜ (w)ab = w˜(rc)u˜au˜b + p˜(rc)η˜ab − 2η˜0(rc)σ˜ab, (107)
by moving out the part of dilaton field. By using the constraint equations at the cutoff
surface for gravitational field (72) and Maxwell field, up to ǫ3 we can get the forced NS
equations and the conservation equation of charge current
∂aT˜ (w)ab = f˜ (φ)b (rc) + f˜ (q)b (rc), ∂aJ˜ (q)a = n˜0(rc)∂au˜a = 0, (108)
where the external force from the dilaton field is
f˜
(φ)
b (rc) = −χ˜0(rc)
(
u˜a∂˜aφ∂˜bφ
)
+ ξ˜0(rc)
(
∂˜a∂˜aφ∂˜bφ
)
, χ˜0(rc) = η˜0(rc) =
rph
rpc
,
ξ˜0(rc) =
(p− 2)ℓ
p(p− 1)√V (rc)
[
rp−1h
rp−1c
+
1
(p− 2)
(
1− c˜(rc)
√
V (rc)− c˜(rc)rcV
′(rc)
2
√
V (rc)
)]
.
(109)
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And the Lorentz force of the charged fluid is
f˜
(q)
b (rc) = f˜
(ex)
b + f˜
(bd)
b , f˜
(ex)
b = −J˜ a(q)F˜ (ex)ab , f˜ (bd)b = −J˜ a(q)F˜ (bd)ab , (110)
with the external Maxwell tensor F˜
(ex)
ab = 2∂[aA˜
(ex)
b] (rc), and the induced Maxwell tensor
F˜
(bd)
ab = 2∂[aA˜
(bd)
b] (rc), where the gauge potential on the cutoff surface is
A˜(bd)a (rc) = −
[
µ˜
(b)
(rc)− (rcP )µ˜′(b)(rc)
]
u˜a, µ˜(b)(rc) =
ℓU(rc)
rc
√
V (rc)
. (111)
If we furthermore redefine the following stress energy tensor by moving out the terms
associated with the boundary chemical potential
T˜ (s)ab = T˜0(r˜c)s0(r˜c)u˜au˜b + [p˜0(r˜c)− n˜0(rc)µ˜0(r˜c)] η˜ab − 2η˜0(rc)σ˜ab. (112)
where r˜c = rc(1 − P ), when b0 = 1, one has U(rh) = 0, and µ˜(b)(rc) is just the chemical
potential µ˜0(rc) of the fluid at the cutoff surface, the following relation holds up to order
ǫ3,
∂˜a[T˜ (w)ab − T˜ (s)ab ]µ˜(b)(rc) = µ˜0(rc)f˜ (bd)b b0=1−−→ ∂˜aT˜ (s)ab = f˜ (φ)b + f˜ (ex)b . (113)
This keeps the same form as in the case at AdS boundary discussed in the previous sec-
tion. In this case, the external forces only come from the dilaton field and the external
electromagnetic field. To see the above results more clearly, we write the them up to the
desired order. For example, the solutions (90) up to order ǫ2 are,

ds˜2 =+
2ℓ
rc
√
V (rc)
dτdr +
r2
r2c
[
− V (r)
V (rc)
dτ 2 + δijdx
idxj
]
− r
2
r2c
[
1− V (r)
V (rc)
]
2βidx
idτ
+
2ℓ
rc
√
V (rc)
[
−βidxidr +
(
P˜ +
rcV
′(rc)
2V (rc)
P˜ +
β2
2
)
dτdr + H˜(r)(r2c θ˜φ)dτdr
]
+
r2
r2c
V (r)
V (rc)
(
rV ′(r)
V (r)
− rcV
′(rc)
V (rc)
)
P˜ dτ 2 +
r2
r2c
(
1− V (r)
V (rc)
)(
β2dτ 2 + βiβjdx
idxj
)
+
r2
r2c
K˜(r)
V (rc)
(r2c θ˜φ)dτdr +
r2
r2c
[
2rcF˜(r)
√
V (rc)σ˜ij + r
2
c F˜φ(r)(σ˜φ)ij
]
dxidxj ,
A˜ = ℓU(r)
rc
√
V (rc)
[(
1 +
β2
2
)
+
(
1− rU
′(r)
U(r)
+
rcV
′(rc)
2V (rc)
)
P˜
]
dτ − ℓU(r)
rc
√
V (rc)
βidx˜
i
+ A˜(ex)τ dτ + A˜
(ex)
i dx
i − ℓ
rc
µ0Q˜(r)√
V (rc)
rp−1h
rp−1
(r2c θ˜φ)dτ,
Φ˜ =φ(x˜a) + rc
√
V (rc)F˜(r)
(
∂˜τφ+ β
i∂˜iφ
)
+ r2c F˜φ(r)(∂˜i∂˜iφ),
(114)
and the shear components are given by
σ˜ij = ∂˜(iβj) − δij
p
∂˜kβ
k, (σ˜φ)ij = ∂˜(iφ∂˜j)φ− δij
p
θ˜φ, (115)
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where θ˜ = δij ∂˜iβj, θ˜φ = δ
ij∂˜iφ∂˜jφ. At order ǫ
2, the temporal component of the forced NS
equations in (108) turns out to be
w˜0(rc)∂˜iβ
i = 0, w˜0(rc) = rcV
′(rc)/(ℓ
√
V (rc)), (116)
which leads to the incompressible condition, and the spatial component at order ǫ3 is
w˜0(rc)
(
∂˜τβi + β
j∂˜jβi
)
− rcp˜′0(rc)∂˜iP − η0(rc)∂˜2βi = f˜ (φ)i (rc) + f˜ (q)i (rc), (117)
where only the spatial components of external forces remain
f˜
(φ)
i (rc) ≡− χ˜0(rc)
(
βj∂˜jφ∂˜iφ
)
+ ξ˜0(rc)
(
∂˜jφ∂˜j ∂˜iφ
)
, (118)
f˜
(q)
i (rc) ≡ − n˜0(rc)
(
F˜
(ex)
τi + β
jF˜
(ex)
ji
)
− n˜0(rc)
(
F˜
(bd)
τi + β
jF˜
(bd)
ji
)
. (119)
If further redefine
P˜[w] = −
rcp˜
′
0
(rc)
w˜0(rc)
P˜ , ν˜[w] =
η0(rc)
w˜0(rc)
, f˜
(φ)
[w]i =
f
(φ)
i (rc)
w˜0(rc)
, f˜
(q)
[w]i =
f
(q)
i (rc)
w˜0(rc)
, (120)
we can obtain the incompressible forced NS equations as
∂˜τβi + β
j∂˜jβi + ∂˜iP˜[w] − ν˜[w]∂˜2βi = f˜ (φ)[w]i + f˜ (q)[w]i, ∂˜iβi = 0. (121)
Consider the characteristic scale of perturbations L ∼ ǫ−1 and velocity β = √βiβi ∼ ǫ,
the Reynolds number of the fluid turns out to be
R˜e(rc) = βL
ν˜0(rc)
∝ 1
ν˜0(rc)
=
T˜0(rc)
D¯c(rc)
= 4πT˜0(rc)
[
1 +
n˜0(rc)µ0(rc)
T˜0(rc)s0(rc)
]
. (122)
We can see that for uncharged black brane where the chemical potential vanishes, the
Reynolds number of the dual fluid is proportional to the local temperature at the cutoff
surface. Thus, when the cutoff surface approaches the horizon, the local temperature as
well as the Reynolds number become larger and larger, and the fluid may become unstable.
This instability may relate to the superluminal hydrodynamic sound modes when the cutoff
surface is sufficiently close to the horizon [23, 44]. In addition, as in section 3.2, we can
divide the electromagnetic forces into two parts: f˜
(q)
i (rc) = f˜
(ex)
i (rc) + f˜
(bd)
i (rc), where
f˜
(ex)
i (rc) = −n˜0(rc)
(
∂˜τ A˜
(ex)
i − ∂˜iA˜(ex)τ + vj∂˜jA˜(ex)i − vj∂˜iA˜(ex)j
)
, (123)
f˜
(bd)
i (rc) = n˜0(rc)
[
µ˜0(rc)
(
∂τβi + β
j∂jβi
)− rcµ˜′0(rc)∂iP ] . (124)
Define
P˜[s] =
n˜0(rc)rcµ˜
′
0
(rc)− rcp˜′0(rc)
T˜0(rc)s0(rc)
P˜ , f˜
(φ)
[s]i =
f˜
(φ)
i (rc)
T˜0(rc)s0(rc)
, f˜
(ex)
[s]i =
f˜
(ex)
i (rc)
T˜0(rc)s0(rc)
, (125)
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and the dynamical shear viscosity ν˜[s] = η0(rc)/[T˜0(rc)s0(rc)], the forced NS equations (121)
then become
∂˜τβi + β
j ∂˜jβi + ∂˜iP˜[s] − ν˜[s]∂˜2βi = f˜ (φ)[s]i + f˜ (ex)[s]i , ∂˜iβi = 0. (126)
In this case, the external forces only come from the additional electromagnetic field and
dilaton field. And the Reynolds number has the form R˜e(rc) ∝ ν˜−1[s] (rc) = 4πT˜0(rc).
5 Conclusions
We have studied the thermodynamics and non-relativistic hydrodynamics of the holo-
graphic fluid at a finite cutoff surface. As a calculation example, we have considered the
case with the Gauss-Bonnet gravity. The isentropic flow and shear viscosity of the dual
fluid have been obtained. The radial Einstein equation implies the isentropy of RG flow
was first proposed in [5], and here we have generalized the discussion to the case of the
Gauss-Bonnet gravity. The isentropy of RG flow can also be considered as an adiabatic
process of the dual fluid. Note that instead of the entropy associated with the hologra-
phy screen [45, 46], here the total entropy of the dual fluid is the horizon entropy of the
background black brane, hence cutoff-independent. We have given a general formula (50)
on the ratio of shear viscosity over entropy density of the fluid dual to the Gauss-Bonnet
gravity. It shows that the ratio is independent of the cutoff surface. Namely it does not
run with the cutoff surface. This may explain why the membrane paradigm [47, 48] and
the AdS/CFT correspondence [49, 50, 51, 52, 53, 54, 55, 56] give the same result. This
formula is also valid for the fluid dual to the Rindler spacetime in Gauss-Bonnet gravity.
The main goal of this paper is to give the expressions of external force, coming from
the bulk matters, of holographic fluid in the non-relativistic limit. To this end, we have
considered an Einstein-Maxwell-dilaton system with a negative cosmological constant. By
using the non-relativistic fluid expansion method, we have solved the system up to the
second order of non-relativistic fluid expansion parameter ǫ, and obtained the incompress-
ible forced NS equations of the dual fluid at the AdS boundary and at a finite cutoff
surface, respectively. The concrete expressions of external forces from the dilaton field and
Maxwell field have been given. Here we have taken an new scaling of the dilaton field
∂iφ ∼ ǫ1 in the non-relativistic limit, so that the external force provided by the dilaton
field f
(φ)
i ∼ ǫ3, meeting the scaling symmetry of the forced NS equations. Actually, in the
derivative expansion of the stress energy tensor, these terms such as ∂iφ∂jφ are the second
order dissipative terms of the dual fluid [3], and such terms may appear in the superfluid
components [57]. However, in the non-relativistic limit, we move them to the right-hand
side of the NS equations as external force terms. Note that here we have considered the
case of minimal coupling of dilaton field. It would be interesting to extend this study to
the case with non-minimal coupling [58, 59, 60].
It turns out the Reynolds number of dual fluid is proportional to the local temperature
of the cutoff surface in the uncharged case. Thus when the cutoff surface approaches to the
event horizon of the black brane background, the local temperature and thus the Reynolds
24
number become larger and larger. This indicates that the dual fluid will become unstable
when the cutoff surface is close enough to the event horizon. It would be interesting to
further study the stationary turbulence by using the forced NS equations derived in this
paper. In [61, 62, 20, 63, 64], the problems of turbulence have been studied via a holographic
description with gravity. It was also shown that the nonlinear evolution of anti-de Sitter
space might be unstable, and the energy of perturbations would be transformed to smaller
and smaller scales like the turbulence energy cascades [65, 66]. Thus it would be interesting
to establish the holographic turbulence using the AdS/CFT correspondence [67, 68].
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